Please note that technical editing may introduce minor changes to the text and/or graphics, which may alter content. The journal's standard Terms & Conditions and the Ethical guidelines still apply. In no event shall the Royal Society of Chemistry be held responsible for any errors or omissions in this Accepted Manuscript or any consequences arising from the use of any information it contains. We present a simple chain model for ballistic-diffusive heat transfer in heterogeneous nanostructures connected by atomistic interfaces, which are under extensive investigation for nanoscale heat transfer control. Heat transfer in typical heterogeneous nanostructures, including junctions with a single interface, multi-layered SiGe/Si systems, and nanocrystal arrays, can be well reproduced by the model. Good performance of the model in all the investigated cases shows that it captures the essential feature of interfaces connecting ballistic and diffusive thermal conducting regions. This will help to design tunable thermal transport devices and to further clarify the origin of interfacial resistance.
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With the feature size of devices continuously scaling down to the nanoscale, thermal transport at the nanoscale have recently attracted significant attention, [1] [2] [3] as it displays much wealthier features than at the macroscopic scale. In nearly perfect semi-conducting and insulating crystals, phonons may transport almost ballistically at the nanoscale. However, impurities, defects, as well as amorphous structures may give rise to phonon scatterings, which gradually lead to a diffusive heat transfer captured by the Fourier's law. Indeed, intriguing investigations to ballistic 4, 5 and diffusive 6 phonon transports in various nanostructures have been reported in recent years. Ballistic transport has been confirmed in the experiments of nanocrystals, 7 single-crystalline silicon, 8 superlattices, 9 nanowires, 4 and carbon nanotubes, 5 whereas diffusive phonon transports has been observed in amorphous structures, such as nanodot layers 8 , and ligands. 7 The wealthy of thermal transport behavior in different structures make it possible to manufacture heterogeneous composite materials, where some components behave ballistically while others behave diffusively. Thermal transport properties can thus be adjusted at will. This idea is reinforced by recent experimental investigations into tunable heat transfer of nanostructures, with an application to maximize the thermal conductance for cooling applications or to minimize conduction, for example, in thermoelectric applications 10 In this work, we present a simple chain model to study heat transfer in heterogeneous nanostructures, focused on coupled ballistic-diffusive transport in nanostructures where ballistic and diffusive components arranged alternatively along the direction of heat flux. With appropriately chosen parameters, details of thermal transport properties, including size effect, interfacial effect, and distribution of temperature, are well described by the model and agree well with experimental measurements as well. The good agreement with experiments in all the investigated cases implies the model an efficient theoretical tool to present the core feature of interfaces connecting ballistic and diffusive thermal conducting regions, which is valuable to further illustrate the underlying mechanism of recent experimental results on interface related heat transfer phenomena. 7, 8, [13] [14] [15] [16] Fig. 1 Schematics of heat transfer in nanostructures of multilayered system (a), nanocrystal array (b), a heterogeneous junction with a single interface (c); and a lattice junction (d), which is the basic unit of the chain model (e) that contains ballistic (blue) and diffusive (green) segments arranged alternatively along the direction of heat flux.
In Fig. 1(a) -(c) several heterogeneous nanostructures of particular interests to manipulate heat transfer are displayed schematically, including multi-layered systems, 7 nanocrystal arrays, 8 and heterogeneous junctions with a single interface. 13 Despite their apparent difference, these structures share a common feature, i.e., along the direction of heat flux, they can all be viewed as a chain with alternatively arranged segments, as displayed in Fig. 1(e) . In each of them, phonons transport ballistically or diffusively. The basic unit, shown in Fig.1 
is composed of three components: a ballistic component, a diffusive component and an interface link. For heat flux along the chain, the overall thermal conductivity κ is nominally related to thermal conductivity of each component and interfacial thermal conductance σ i as
where subscripts b and d denote ballistic and diffusive segment, N and L are number and length of each segment, and S is the cross section of the structure. Unlike κ d , κ b here is a rather complicated nonlinear function of size and temperature of the ballistic segment. Thermal conductivity is well defined for either ballistic or diffusive segment. [17] [18] [19] [20] At the limit of infinitesimal temperature difference,
, whereh is the Planck constant, ω is the frequency of the phonon mode, n(ω) is the density of state,T is the temperature of the component, Γ(ω) is the transmission coefficient, and N T is the number of transmission channels. For ballistic transport Γ b (ω) is equal to 1, 17, 19 whereas for diffusive transport, Γ d (ω) is the ratio of the phonon's mean free path λ(ω) to the length of the component L d . 20 But for interfacial thermal conductance, a well defined theoretical description is not available yet. Its underlying physical mechanism is still not well understood. 21, 22 At the nanoscale, thermal resistance at interfaces is comparable to those from diffusive segments and usually much larger than those from ballistic parts. An efficient approximation, even an empirical one, to the interfacial thermal conductance is then essential to interpret recent experimental discoveries. In the chain model, only the physics along the direction of heat flux is explicitly described; others are implicitly included. The system is then simplified into a one-dimensional lattice. This approach was proposed at its early stage as a simplified theoretical model for crystals, 23 and recently has been extensively employed as a tool to qualitatively understand lowdimensional heat transfer phenomena. 3, 23 However, it is still not usual for the model to provide quantitative interpretation and prediction to experimental observations.
We construct the chain model in a semi-empirical way. The ballistic segment is readily described by a homogeneous harmonic lattice with nearest-neighbor interaction. The massm, lattice parameter a, and force constantk b of the lattice point are associated with the density ρ and elastic modulus E of the segment according toka 2 /m = E/ρ, where E and ρ are bulk material properties that can be measured directly in an experiment. The equation of motion has a simple form of
, whereû i is the displacement of the i-th lattice point from its equilibrium position. The diffusive segment can also be modeled as a homogeneous lattice, but with nonlinear nearest-neighbor interaction. The diffusivity is enforced by self-consistent reservoirs attaching to each of the lattice points. To keep the model simple and stable, 24 a Fermi-Pasta-Ulam β (FPU-β) type interaction 25 is adopted for the lattice. The self-consistent reservoir takes the same form as that used in Ref. 26 . Note that a nonlinear interaction here is necessary for the diffusive segment to form local equilibrium in self-consistent reservoirs. The value ofβ is chosen to be relatively small but it still provides efficient thermalization to the diffusive segment. The equation
, with k B being the Boltzmann constant.
Interfacial interactions between segments are modeled as harmonic springs. Preceding theoretical studies 27 have shown that higher order nonlinear interactions do not provide observable effects near room temperature, at which most experiments are carried out. Also, as demonstrated by Li et al., 21 several features of interfacial thermal transport, such as its dependence on temperature difference and system size, can be described by a harmonic interaction. In practice, the value of the spring constant can be determined directly from the relation of heat flux J to temperature difference ∆T cross a single interface, as displayed schematically in Fig 1(c) . By fitting the chain model to the J-∆T curve, the interfacial spring constant is then obtained and applied to multi-interfacial heterogeneous structures.
Putting the three parts together, a dimensionless equation of motionü
can by derived by introducing a characteristic mass m 0 , a characteristic frequency ω 0 and a length scale a 0 , where physical quantities without hats are dimensionless, and index l indicates the position of segments along the chain. The dimensionless quantities here thus represents relative magnitudes of corresponding physical quantities with respect to the reference material. To recover the real magnitude of these quantities and parameters, the units formed by the combination the three characteristic scales of the reference material should be multiplied. Explicitly, the unit of k is m 0 · ω 2 0 , the unit of u is a 0 , the unit of t is ω 28 which justifies the omitting of high order nonlinear interactions in the model. The chain model is numerically integrated using the velocity Verlet algorithm. 29 A small time step of 5 × 10 −3 is employed to guarantee energy conservation. Both ends of the chain are connected to a non-reflective stochastic reservoir 27 at a temperature T (1 ± ∆), where ∆ is the dimensionless temperature difference. Local thermal conductivity at the i-th component is defined as κ = J i L/(2ST ∆), and local temperature is calculated as T i = ⟨m iu 2 i ⟩. Both are evaluated by a combination of time average and ensemble average 25 to speed up the convergence. Even so, over 10 8 integration steps have to be used to reach a steady state. We now apply the chain model to typical heterogeneous nanostructures, in which tunable heat transfer were experimentally demonstrated. For nanocrystal arrays embedded in a continuous matrix, 7 as schematically displayed in Fig. 1(b) , nanocrystal arrays are modeled as ballistic segments, whereas the continuous matrix is modeled as diffusive segments. Dimensionless parameters k b ∼ 1, k d ∼ 0.8, T = 0.0852, and ∆ = 0.2 are derived from molecular dynamics (MD) simulations which reproduce the MD results for PbS nanocrystals in Ref. 7 . k i ∼ 0.3 is obtained from the flux-temperature relation of the single-interface experiment, and β d = 4 is used in the model. κ's calculated using the model are displayed as solid dots in Fig. 2 , which agree well with experimental measurements, 7 shown as hollow squares with error bars.
To confirm ballistic transport in the nanocrystal, κ's calculated using Eq. (1) with experimental data 7,30 of
are also displayed in the same figure as short dash lines, where diffusive thermal transport is assumed for all segments. Compared with the experimental measurements, this calculation overestimates the κ's by about 30%. To agree with the experimental data, a much smaller effective κ b = 0.8 Wm −1 -K −1 has to be used in the calculation. The model also shows there is a finite σ i at the interface. Theories without R i , e.g., the effective medium theory (EMT), the Maxwell Euken (ME) theory, and Eq.(1) with σ i → ∞ all severely overestimate κ, while those with finite R i , including the modified ME model (HJ-ME) and the Minnich model, have a better agreement with the experimental results. In our model, a large σ i can be approximated using 31 which also severely overestimate the κ. In addition to the κ, the model also provides detailed information of thermal transport in the nanostructure. Fig. 3 shows the predicted temperature distribution along the direction of heat flux, which agrees well with the MD results in Ref. 7 . From the distribution, ballistic and diffusive transport can be clearly distinguished. In ballistic segments (nanocrystals), the temperature is nearly a constant due to vanishing phonon scattering, 25 whereas a significant temperature gradient is observed in the diffusive segment (continuous matrix) as the result of strong phonon scattering.
SiGe/Si multi-layered system 8 ( Fig. 1(a) ) is another typical heterogeneous nanostructure for heat control. In our model, the SiGe nanodots are modeled as diffusive segments separated by ballistic components made of Si spacer layers. A single interface ( Fig.1(c) ) connecting a ballistic segment and a diffusive segment is the basic unit to investigate coupled ballistic-diffusive transport and has recently been extensively studied in experiments. 13, 33 Experimental measurements have revealed that interfacial thermal conductance strongly depends on the bonding strength, which is difficult to account for by either the acoustic mismatch 34 or diffuse mismatch theories. 35 For the molecular junctions studied in Ref. 13 , the gold film is simplified as a diffusive segment and the self-assembled monolayer is modeled as a ballistic segment. Terminal functional groups of various bonding strength between the gold film and monolayer is modeled as the interfacial connection of a certain k i . For an interface composed of methyl/thiol endgroups, k i is proportional to the fraction α of thiol end-groups, which form strong covalent-like bonds between the gold film and monolayer. 13 + k d ) , the interfacial interaction value allowed for maximum heat flux going through the interface. 31 After that, σ i decreases very slowly. Experimental data 13 in Fig. 5 suggest that k max i takes place near α = 0.75. With this data point, the relation between k i and α is determined as k i = 0.61α + 0.21. When plotted as a function of α, the calculated σ i shows a good agreement with the experimental data. 13 Note that the σ i from the quartz-monolayer interface 13 , which is a constant, is deducted from the experimental data to compare with the model.
To further understand the mechanism of heat transfer, we perform phonon wave packet dynamic simulations 36 for the single interface. The transmission coefficient (Γ) is calculated as the ratio of transmitted energy (E tr ) to the incident (E) energy of the wave-packets, i.e., Γ = E tr /E. The inset of Fig.  5 shows that Γ increases with k i to a maximum value at k max i and then decreases slowly. This result provides a further justification to the result of σ i displayed in Fig. 5 .
In summary, we present a simple chain model for ballisticdiffusive heat transfer in heterogeneous nanostructures connected by atomistic interfaces. In addition to its capability to interpret recent experiments, the model is also demonstrated as a simple but nontrivial tool to describe interfaces connecting ballistic and diffusive thermal conducting regions, including all major features for the interfaces. This would help to design devices for heat transfer control and to clarify the origin of interfacial thermal resistance.
